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A simple model of human walking

O R I G I N A L  PA P E R

Leonardo Campanelli
All Saints University School of Medicine, Toronto, Canada

 —

Corresponding author: leonardo.s.campanelli@gmail.com

 DOI: https://doi.org/10.20883/medical.e817

Keywords: human locomotion, gait, inverted 
pendulum model, modelling

Received: 2023-02-10
Accepted: 2023-03-01
Published: 2023-03-01

How to Cite: Campanelli L. A simple model of human 
walking. Journal of Medical Science. 2023;92(1);e568. 
doi:10.20883/medical.e817

© 2023 by the author(s). This is an open access article distributed 
under the terms and conditions of the Creative Commons Attri-
bution (CC BY-NC) licencse. Published by Poznan University of 
Medical Sciences

ABSTRACT

Aim. We investigate Alexander’s inverted pendulum model, the simplest mathematical model of human walk-
ing. Although it successfully explains some kinematic features of human walking, such as the velocity of the 
body's centre of mass, it does not account for others, like the vertical reaction force and the maximum walk-
ing speed. This paper aims  to minimally extend Alexander’s model in such a way as to make it a viable and 
quantitative model of human walking for clinical biomechanics.
Material and methods. In order to compare the predictions of Alexander’s model with experimental data on 
walking, we incorporate in it a robust phenomenological relation between stride frequency and stride length 
derived in the literature, and we introduce a step-angle dependent muscle force along the pendulum. We 
then analytically solve the pendulum's motion equation and fi nd the corresponding analytical expression for 
the average walking speed.
Results. The values of the average walking speed for different heights predicted by our model are in excellent 
agreement with the ones obtained in treadmill experiments. Moreover, it successfully predicts the observed 
walking-running transition speed, which occurs when the stride length equals the height of an individual. 
Finally, our extended model satisfactorily reproduces the experimentally observed ground reaction forces 
in the midstance and terminal stance phases. Consequently, the predicted value of the (height-dependent) 
maximum walking speed is in reasonable agreement with the one obtained in more sophisticated models of 
human walking.
Conclusions. Augmented with our minimal extensions, Alexander’s model becomes an effective and realistic 
model of human walking applicable in clinical investigations of the human gate.

1. Introduction

The physics and mathematics of animal locomo-
tion are fundamental in several disciplines. For 
example, biomechanical models can allow pale-
obiologists to deduce the main characteristics of 
the locomotion of extinct animals from their fos-
silized remains (see [1]). In athletics, mathemati-
cal models of human locomotion can attempt to 

determine the theoretical optimum performance 
in certain events such as race walking (see [2]). 
However, medical engineers and clinical bio-
mechanists are instead concerned with animal 
locomotion because of its relevance to deter-
mining limb and joint forces, which play a crucial 
role in rehabilitation from either injury or disease 
(see [3]).
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Human walking is one of the simplest gaits 
of terrestrial locomotion among legged animals.  
Nevertheless, a clear and defi nitive understand-
ing of the energetics, stability, and kinematics 
still needs to be included (for a review of analyti-
cal modelling and experimental studies of human 
walking, see [4]).

Theoretical and experimental works on human 
walking have focussed on energetics and stabil-
ity or kinematics. In the former case, mechani-
cal energy principles are applied to relate the 
mass-specifi c metabolic energetic cost and 
mechanical cost of transport to the dynamical 
properties of gait (see [5–7]). In the latter case, 
which is more relevant to clinical biomechan-
ics, Newtonian dynamical equations applied to 
simple inertial models of jointed rigid bodies are 
used to determine the motion of the components 
during walking (see [8]).

The simplest model of human walking is the 
two-dimensional “Alexander’s inverted pendulum 
(IP) model” [9], which consists of a simple invert-
ed pendulum  where the whole body mass con-
centrates in a single particle. It was introduced in 
the late 70s, although probably, the fi rst indirect 
references to an inverted pendulum as a model of 
human walking date back to 1953 [10]. In recent 
years, a great variety of two-dimensional kinetic 
models based on the IP model have been devel-
oped to mimic better and understand the pat-
tern of human walking.. These models include 
springs [11–16], dampers [17], and additional seg-
ments and joints, or either additional segments 
or joints [18, 19] (for other works based on the IP 
model, see [20–24]).

The apparent limitation of two-dimensional 
models of human walking is that they are unable 
to describe the lateral dynamics of the gait. Such 
dynamics can only be studied by more sophisti-
cated three-dimensional models, like those con-
structed in [25–29]. In particular, the vertical, hor-
izontal, and lateral ground reaction forces (GRF) 
predicted by the recent three-dimensional biped-
al model by Liang et al. [30] agree with experi-
mental data.

Since the introduction of the IP model by Alex-
ander, the level of complexity of walking mod-
els has increased, as the number of parameters 
needed to reproduce quantitatively and in a satis-
factory way the characteristics of the human gate. 
Moreover, Alexander's model cannot describe the 

lateral motion and the transition from one step 
to another. On the other hand, its simplicity has 
attracted many authors' attention over the years 
(see [2, 18, 31, 32]) as the kinematics and dynam-
ics of walking during the double support phase 
(where the transition from one step to another 
occurs) are not as crucial for clinical biomechan-
ics as the kinematics and dynamics of walking 
in the single support phase. Also, the impor-
tance of lateral motion in clinical application is 
subdominant, at least at fi rst approximation, for 
the vertical and horizontal ones. While Ander-
son and Pandy [31] briefly described the GRF in 
the IP model, Buczek et al. [32] performed a more 
detailed analysis and compared the prediction of 
the model about GRF and velocity of the center of 
mass with gait data for regular walking. This work 
was extended by McGrath et al. [18] by including 
fast and slow walking speeds, which are essen-
tial for clinical considerations (the inclusion of 
an actuated hip joint to the IP model, although 
engaging in that it reproduced the experimentally 
measured hip moment curve, did not resulted in 
signifi cant changes in the kinematics of the cen-
tre of mass and ground reaction forces). These 
studies conclude that that, while the horizontal 
and vertical velocities of the centre of mass and 
the horizontal GRF in the midstance and terminal 
stance phases agree reasonably well with experi-
mental data, the vertical component of the GRF 
does not, especially for fast walking.

One of the goals of this paper is to extend 
these works by including a step-angle-depen-
dent muscle force along the IP in such a way as 
to reproduce the experimentally observed verti-
cal GRFs in the single support phase. Also, we 
will show that Alexander’s model successfully 
predicts the observed walking-running transition 
speed.

2. Methods and Results

2.1. The inverted pendulum model: Generalities
The human body, while walking, can be repre-
sented as an inverted pendulum with variable 
moment of inertia concerning the instantaneous 
axis of rotation subject to different (natural) forc-
es and torques. Alternatively, one can assume 
a constant moment of inertia and regard the tele-
scopic actions of the body (principally due to the 
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swinging limbs) as generating inertial forces and 
torques.

In this latter case, the scalar projection along 
the instantaneous axis of rotation of the equation 
of motion , L is the angular momen-
tum, reads

 . (1)

Here, I is the constant moment of inertia con-
cerning the instantaneous axis of rotation y (see 
Figure 1),

  (2)

is the net external torque, τg is the gravitation-
al torque, and τint is the body-ground interac-
tion torque generated by the muscle forces 
and includes all telescopic actions. Also, a dot 
denotes differentiation regarding time, and θ is 
the angle formed by the pendulum and the verti-
cal (the z-axis in Figure 1). Notice that θ is mea-
sured starting from the vertical and is negative 
(positive) on the left (right) of the z-axis.

In order to solve the above equation of motion, 
one has to know the exact expression of the 

(time-dependent) torques generated by the body 
muscles during the entire gait cycle.

It is important to observe, however, that the 
kinematics (horizontal and vertical velocities 
of the centre of mass) and dynamics (ground 
reaction forces) of walking are experimental-
ly symmetrical concerning the vertical, at least 
in the fi rst approximation [4] and especially for 
slow and regular walking allowing us to focus 
our analysis on the phase of the gait cycle that 
goes from the double-support phase to the ver-
tical. Moreover, roughly speaking, the effect of 
the fi rst part of the propulsion force is impulsive, 
with the propulsion force provided by the gluteus 
maximus of the supporting leg and by the swing-
ing of the opposite leg. In contrast, the second 
part of the propulsion spreads out more tempo-
rally and is provided essentially by the gastroc-
nemius [33]. However, the centre of mass of the 
gastrocnemius, and then the point of applica-
tion of the force generated by it, is situated below 
the knee so that its contribution to the interac-
tion torque is reduced concerning that given by 
the gluteus maximus, whose point of application 
is near to the centre of mass of the body. In the 
fi rst approximation, the interaction torque gen-
erated by the gastrocnemius can be neglected. 
Accordingly, the gluteus maximus and the swing-

Figure 1. Schematic view of human walking during a gait cycle (adapted from [4]). In the stiff-leg approximation, the trajectory of 
the centre of mass of the walker (point CM) is an arc of a circle whose centre is the point of contact body-ground (point C). The angle 
between the (stiff) leg and the vertical axis is the ”step angle” θ. In the inverted pendulum model of human walking, θ coincides with 
the angle formed by the z-axis and the line connecting CM and the fi xed point C. In the model discussed below, the muscle force Fmuscle 
is directed along the leg. Notice that in the text and following [18], we will assume the duration of the double support phase to be 10% 
of the gait cycle and that the supporting leg reaches the vertical position at 30% of the gait cycle.
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ing of the opposite leg, principally during the sec-
ond part of the double support phase, provide the 
only propulsion force.

As already noticed, Alexander’s model cannot 
describe the transition from one step to anoth-
er during the double support phase. Thus, its 
application must be limited to the single support 
phase. In this phase, which is the most impor-
tant one in clinical studies, the interaction torque 
is negligible, and the gravitational force ulti-
mately determines the dynamics of the inverted 
pendulum.

Referring to Figure 1, the gravitational torque 
is given by

  (3)

where m is the mass of the body, g = 9.8m/s2 is 
the acceleration of gravity, rcm is the distance 
between the fi xed point and the centre of mass of 
the body, and j is the unit vector along the y-axis 
(the body is moving in the positive x-direction).

The solution of Eq. (1) in the single support 
phase will be discussed in Sec. 2.4. In the rest of 
this section, we introduce some physical quan-
tities signifi cant for the following discussions 
about the kinematics and dynamics of Alexan-
der's model.

The moment of inertia I can be written as

  (4)

where δ is a dimensionless parameter. The value 
δ = 1, which will be used throughout this paper, 
corresponds to the simple case where all the 
body mass concentrates in the centre of mass 
(simple inverted pendulum). Moreover, we write

  (5)

where σ is a dimensionless parameter and h is 
the body height. Henceforth, we will use the value 
σ = 0.56, corresponding to an erect person with 
arms at the side [34]. The period of the IP oscilla-
tion (equal to the stride time) can be written as

  (6)

where ξ is a dimensionless parameter that gener-
ally depends on the initial step angle θ0.

2.2. Average speed of walking
Two fundamental parameters in human gait are 
the stride frequency fs = 1/ts and stride length Ls. 
Although it has been shown that they have dis-
tinct effects on gait variability, a strong positive 
linear correlation has been found between them 
in free walking [35],

  (7)

where a ≃ 1.7 and b ≃ –0.30. The analysis in [35] 
was performed on individuals of an average 
height of h = 1.65m. Inserting Eq. (7) into Eq. (6) 
and solving for ξ , we fi nd

  (8)

where we used Eqs. (5) and (6). As a working 
hypothesis, let us assume ξ to be independent 
of the height of a person (this ansatz is justifi ed 
a posteriori in that the speed of walking predicted 
by the IP model agrees well, as we will show, with 
the experimental data from individuals of very 
different heights). In this case, a and b scale as 
a  h3/2 and b  h , respectively. Writing a = a0h3/2 
and b = b0h, we then have

  (9)

where a0 = 0.80 and b0 = –0.18, or

  (10)

where we have defi ned

  (11)

Let us now calculate the average walking 
speed, defi ned as the horizontal component of 
the velocity of the centre of mass, averaged over 
the stride time. In our case, this corresponds to  
vx = Ls/ts, so that

  (12)

Notice that the results in [35] are valid for 
walking speeds between 0.75m/s and 1.80m/s for 
a height of 1.65m, which means that the expres-
sion for ξ(s) can be trusted when the initial step 
angle is in the interval 0.27 ≲ |θ0| ≲ 0.45 (this 
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implies that Eq. (12) is valid for velocities between 
0.78m/s and 1.88m/s for a height of 1.80m).

The step length is about 38% of a person’s 
height during regular walking [5] (s ≃ 0.76), corre-
sponding to a step angle of about |θ0| ≃ 0.35 (20°). 
For an “average individual” of height  h = 1.80m, 
then, the average speed for regular walking is pre-
dicted to be around 1.2m/s (4.3km/h), in agree-
ment with the experimental result of [5]. Equation 
(12) also returns walking speeds in good agree-
ment with the ones experimentally measured in 
[5] and shown in Table 1. Here, h is the height, 
hleg is the leg length, Ls/h is the ratio of the stride 
length to the height, vx is the walking speed at 
the minimum measured metabolic cost of trans-
port, and Fr is the Froude number for four differ-
ent stature-age groups (named A, B, C, and D in 
[5]). In the sixth and eighth columns, we report 
the values of the average walking speed, vx*, and 
Froude number, Fr*, as predicted by the inverted 
pendulum model.

Iterestingly, the average walking speed is well 
approximated by the expression

  (13)

Notice that the maximum percentage deviation 
of the above-approximated expression from the 
exact one is less than 0.62% for 0.20 ≤ |θ0| ≤ 0.61, 
namely well below the typical statistical error of 
about 4% in [5]. From Eq. (13), it follows that the 
average walking speed (given that a person's 
height is a fi xed parameter) is controlled, in reg-
ular walking, only by the value of the initial step 
angle.

2.3. Walking-running transition
A spontaneous transition from walking to run-
ning is expected in humans at suffi ciently high 
speeds (see [36–39]). Although in the past, such 
a transition was believed to occur in order to min-
imize the energetic cost of locomotion, it is now 

widely accepted that the ultimate reason for it 
has a physiological/kinematic origin: fatigue and 
discomfort in the tibialis anterior and other dor-
siflexor muscles of the ankle are the triggers for 
the transition [40].

The walking-running transition can be kine-
matically described by the so-called Froude 
number Fr = v 2/gL, where v and L are the typical 
speed and height of the hip joint from the ground 
of a moving animal, respectively [36]. In our case, 
we can defi ne the Froude number as

  (14)

where hleg is the leg length. From Eq. (12), and 
writing

 , (15)

we fi nd

  (16)

For regular walking (s ≃ 0.76) and taking ρ = 1.9 
[5], we fi nd Fr ≃ 0.15, a value independent of an 
individual’s height. This result agrees with the 
value experimentally determined in [5] for four dif-
ferent stature-age groups, as shown in Table 1.

It is believed that the preferred transition 
speed from walking to running takes place at 
a Froude number of about 0.5 [36]. In our model 
with ρ = 1.9, this value of Fr corresponds to s = 1.0 
(and in turn to |θ0| ≃ 0.46 or |θ0| ≃ 26.5°), i.e. the 
walking-running transition takes place, approxi-
matively, when the stride length equals the height 
of the individual. For s = 1, the average walking 
speed at the walking-running transition is about  
vx ≃ 1.9m/s (6.9km/h) for a height of h = 1.70m, 
which is in excellent agreement with the results 
of Hreljac et al. [41] who found vx = 1.88 ± 0.11m/s 
for 11 individuals with h = 1.70 ± 0.08m.

Table 1. Physical characteristics (h, hleg, and Ls/h), walking speed ( vx ), and Froude number (Fr) of the four 
stature-age groups analyzed in [5]. An asterisk indicates the prediction of the inverted pendulum model.

Group  h(m)  hleg (m)  Ls /h  vx(m/s)  vx*(m/s)  Fr  Fr*
A  1.14 ± 0.02 0.58 ± 0.02 0.76 ± 0.03 0.96 ± 0.04 0.95 ± 0.07 0.16 ± 0.01 0.16 ± 0.02
B  1.42 ± 0.02 0.77 ± 0.02 0.76 ± 0.02 1.03 ± 0.03 1.06 ± 0.06 0.14 ± 0.01 0.15 ± 0.01
C  1.62 ± 0.01 0.86 ± 0.01 0.78 ± 0.02 1.13 ± 0.04 1.19 ± 0.06 0.15 ± 0.01 0.17 ± 0.02
D  1.77 ± 0.01 0.94 ± 0.01 0.76 ± 0.02 1.21 ± 0.04 1.19 ± 0.07 0.16 ± 0.01 0.15 ± 0.01
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2.4. Kinematics: Horizontal and vertical 
velocities
Equation (1) describes the body's motion dur-
ing the entire gait cycle. However, as discussed 
in Sec. 2.1, the interaction torque should be 
addressed during the single support phase. In 
this phase, then, the equation of motion reads

  (17)

where we used Eqs. (2) and (3). Here, a prime 
denotes differentiation regarding t/t0 and

  (18)

The solution of Eq. (17) with Dirichlet bound-
ary conditions θ(0) = θ0 and θ(ts/t0) = 0 is easily 
found,

  (19)

where am(u ∨ μ) is the Jacobi amplitude for the 
Jacobi elliptic functions . Here,

  (20)

and x is implicitly defi ned by

  (21)

where F(ϕ|μ) is the elliptic integral of the fi rst kind 
[42]. A graph of x as a function of |θ0| for δ = 1 
and σ = 0.56 is given in Figure 2.

The angular speed ω (t) = θ· (t) is

  (22)

where dn(u|μ) is the Jacobi elliptic function of dn 
type  and ωf  = ω(ts/4) is the angular speed at the 
vertical,

  (23)

The horizontal and vertical components of the 
velocity of the centre of mass, vx and vz, are

  (24)

They are shown in Figure 3 as a function of 
time (expressed as a percentage of the gait cycle) 
for three different walking speeds. Following [18], 
we present data and our results for half of the 
gait cycle, from the middle of one double support 
phase (at 5% of the gait cycle) to the middle of the 
next (at 55% of the gait cycle). The dashed lines 
are the one-standard-deviation experimental 
data from Winter [43, 44], which refer to a person 
of height h = 1.80m. In contrast, the continuous 
ones are the predictions of the inverted pendu-
lum model. Finally, Table 2 describes the best-fi t 
values for the fi tted parameter θ0  and the cor-
responding average speeds of walking. The left 
vertical continuous line indicates the end of one 
double support phase at 10% of the gait cycle, 
while the right one is the beginning of the next 
double support phase at 50%.

As it is clear from the fi gure, the horizontal 
velocities predicted by the IP model fi t very well 
the experimental data, from slow to fast walking 
and on the entire gait cycle. The vertical ones, 
however, agree only in the midstance and termi-
nal stance phases, whose boundaries are indi-
cated by the two dotted vertical lines. Roughly 
speaking, the start of the midstance is at 15% of 

0.2 0.3 0.4 0.5 0.6
0.05

0.10

0.15

0.20

0.25

0.30

�Θ0�

Χ

Figure 2. The function x(θ0), implicitly defi ned by Eq. (21), for δ = 1 and σ = 0.56.
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the gait cycle (left dotted vertical line), and the 
end of the terminal stance is at 45% (right dotted 
vertical line) [4].

2.5. Dynamics: Ground reaction forces
In Alexander’s IP model of human walking, the 
vertical (Fz) and horizontal (Fx) ground reaction 
forces are

  (25)

and

  (26)

respectively. As a function of time and normal-
ized to the body weight, these forces are shown 
in Figure 4 by dot-dashed (grey) lines (the other 
notations are as in Figure 3).

As it is clear from the fi gure, while the pre-
dicted horizontal GRFs agree with the observed 
ones (especially in the single support phase), the 
vertical ones are not. The simple IP model can-
not reproduce the characteristic “M” shape of the 
vertical GRF. Moreover, in the midstance and ter-

Table 2. Best-fi t values of the initial step angle θ0 for the three gaits depicted in Figure 3 and the 
corresponding average walking speeds. Also indicated are the best-fi t values of the coeffi cients an of 
the quartic polynomial in Eq. (28).

Gait  |θ0| vx(m/s)  a0 a1 a2 a3 a4

Slow  0.312 1.00 –0.0559  0.286  9.63  –6.73  –122
Normal  0.363 1.30 –0.126  0.00350  13.9  –0.303  –102
Fast  0.421 1.68 –0.193  0.0102  17.6  –2.82  –86.8
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Figure 3. The horizontal (vx) and vertical (vz) components of the velocity of the centre of mass in the inverted pendulum model of 
human walking as a function of time (expressed as a percentage of the gait cycle) for three different walking speeds from the middle 
of one double support phase (at 5% of the gait cycle) to the middle of the next (at 55% of the gait cycle). The dashed lines are the 
one-standard-deviation experimental data from Winter [43, 44], while the continuous ones are the (best-fi t) predictions of the in-
verted pendulum model. The left vertical continuous line indicates the end of one double support phase at 10% of the gait cycle, while 
the right one is the beginning of the next double support phase at 50%. The midstance phase extends from 15% of the gait cycle (left 
dotted vertical line) to the vertical (30% of the gait cycle). The terminal stance phase starts at the vertical and ends at 45% of the gait 
cycle (right dotted vertical line).
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minal stance phases, the concavity of Fz is oppo-
site to the one experimentally observed. Finally, 
Alexander’s model predicts a maximum reac-
tion at the vertical instead of the experimentally 
observed minimum.

The fact that the IP model does not account 
for the vertical force–time history can be 
explained by the omission, in the model, of the 
muscle forces (natural and inertial) generated by 
the body during the entire gait cycle, as explained 
in Sec. 2.1. On the other hand, the profi le of the 
horizontal and vertical velocities of the centre of 
mass is well predicted by the model in the mid-
stance and terminal stance phases, suggesting 
that in the single support phase, although active, 
they do indeed produce a little torque.

For this reason, and as a working hypothesis, 
let us introduce a time-dependent muscle force, 
Fmuscle, directed along the pendulum (positive if 
pointing towards the fi xed point, negative other-
wise). The vertical reaction force becomes

  , (27)

while the horizontal one is the same as in Eq. (26), 
with Fz replaced by the new expression (27).

Since the angle θ is generally small, we can 
expand Fmuscle in terms of the step angle as

 , (28)

where the coeffi cients an are, in general, functions 
of the initial step angle θ0  (we will neglect a pos-
sible dependence of an on δ, σ, m, and h).

The continuous lines in Figure 4 are the ver-
tical and horizontal ground reaction forces when 
the muscle force is included. They were obtained 
by fi tting the experimental data on the vertical 
reaction force by using Eq. (27). We found a good 
agreement with the data by truncating the expan-
sion (28) to the fourth order (the inclusion of 
higher order terms did not improve the fi t appre-
ciably). Table 2 depicts the values of the fi tted 
parameters a0, a1, a2, a3 and a4.

As it is clear from the fi gure, the introduction 
of a muscle force along the IP reproduces well 
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Figure 4. The horizontal (Fx) and vertical (Fz) ground reaction forces (normalized to the body weight mg) as a function of time 
(expressed as a percentage of the gait cycle) for three different walking speeds (the same of Figure 3). The dashed lines are the 1 
standard-deviation experimental data from Winter [43, 44], while the dot-dashed (gray) lines are the prediction of the Alexander's IP 
model (with no muscle forces). The continuous lines are the (best-fi t) predictions of the IP model with the inclusion of the muscle force 
(28). Vertical lines are as in Figure 3.
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the vertical GRFs from slow to fast walking and in 
the entire gait cycle. The horizontal GRFs are sat-
isfactorily reproduced only in the midstance and 
terminal stance phases.

Figure 5 shows the muscle force (28) that the 
body must generate to produce the ground reac-
tion forces in Figure 4 as a function of time. As 
discussed in Sec. 2.1, this force includes tele-
scopic actions that could be, in principle, deter-
mined in more realistic and sophisticated mod-
els of human walking. However, it is plausible 
to assume that inertial forces are subdominant 
around the vertical compared to the ones gener-
ated by the gastrocnemius and the soleus [33]. 
These strong propulsive forces lift the heel and 
then are principally directed upward along the 
supporting leg, thus explaining the negative val-
ley in the force-time diagram of Figure 5. The 
magnitude of these forces is crucial for the deter-
mination of the maximum speed of walking, as 
discussed in the next section.

2.6. Maximum speed of walking
In our simplifi ed walking model, two conditions 
must be met to walk (for a general discussion of 
physical constraints during walking, see [45]). 
They are the condition of “no sliding” and the con-
dition of “no-fly”, the latter being violated when 
dynamical effects cause a “lifting” of the sup-
porting foot (the point of contact body-ground). 
Assuming that the coeffi cient of static friction 
between the ground and the fi xed point is suffi -

ciently large to prevent sliding, the no-fly condi-
tion, Fz > 0, gives the value of the maximum initial 
step angle as the solution of the equation

  (29)

The above equation can be solved if the 
explicit expression of a0 as a function of the initial 
step angle is known (notice that a0 is equal to the 
value of the muscle force per unit body weight at 
the vertical). An approximate expression for a0  
can be obtained by interpolating the three values 
of a0  in Table 2 for slow, regular, and fast walking. 
These values are shown in Figure 6 together with 
the line of best-fi t,

  (30)

Inserting the above equation in Eq. (29) and 
solving for θ0 , we fi nd the maximum initial step 
angle |θ0|(max) = 0.61 (35°). This value is both out-
side the interpolation range (see Table. 2) and out-
side the range of θ0  where the expression of ξ(s) 
can be safely trusted (see discussion in Sec. 2.2). 
Interestingly enough, however, the correspond-
ing value of the maximum speed of walking for 
a height of h = 1.75m, vx

(max) ≃ 3.1m/s (11km/h), 
agrees with the result of Marshall who found, 
by using a more sophisticate model of human 
walking, a maximal velocity between 2.7m/s and 
3.3m/s (depending on the magnitude of the pel-
vic rotation).
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Figure 5. The muscle force in Eq. (28) (normalized to the body 
weight mg and for N = 4) as a function of time (expressed 
as a percentage of the gait cycle) for three different walking 
speeds: slow (dotted line), regular (dashed line), and fast (con-
tinuous line). The values of the expansion coeffi cients an and 
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3. Discussion

Alexander’s model is the simplest model of 
human walking. If, on the one hand, its math-
ematical simplicity has attracted the attention 
of biomechanists, on the other hand, it results in 
two ineradicable limitations:
(i) It cannot describe the transition from one step 

to another, and, as for any two-dimensional 
model of human walking,

(ii) it cannot describe the lateral dynamics of the 
gait.
Moreover, it does not account for the temporal 

shape of the vertical reaction force and the maxi-
mum walking speed.

However, the mechanics of walking during the 
double support phase (where the transition from 
one step to another takes place) and the lateral 
motion are less important for clinical applica-
tions than the properties of the horizontal and 
vertical motions in the single support phase. For 
this reason, we added two new features to Alex-
ander's model to make its predictions compatible 
with the observed vertical reaction force and the 
maximum walking speed.

First, we incorporated into the model a phe-
nomenological relation between the stride fre-
quency and stride length as determined in 
treadmill experiments. Second, we introduced 
a step-angle dependent force along the pendu-
lum to simulate the effects generated during the 
single support phase by telescopic actions and 
propulsive muscle forces.

These minimal modifi cations make Alexan-
der’s model more physiologically representative 
and provide insight into the role of muscle forces 
during walking. In particular, we found that
(i) the experimental vertical reaction forces are 

fully reproduced by the extended model, as it 
is clear from the upper panels of Figure 4;

(ii) the muscle force at the vertical, primarily gen-
erated by the gastrocnemius and the soleus, 
critically contributes to the determination of 
the maximum speed of walking [see Eq. (29)];

(iii) the average speed of walking (see Table 1) 
and the walking-running transition speed (see 
the end of Sec. 2.3) agree with the ones found 
experimentally.
Finally, our extended Alexander's model is 

entirely solvable; indeed, we have provided an 
exact analytical solution to its equation of motion, 

which differs from the other extensions men-
tioned in the Introduction based on multiple pen-
dulums, including springs and dampers. Unfortu-
nately, in this case, the mechanics must be sim-
plifi ed to be analyzed analytically, and numerical 
methods must be used, resulting in a consequent 
loss of simplicity.

4. Conclusions

We have considered the two-dimensional invert-
ed pendulum model of human walking, where 
the human body while walking, is approximat-
ed by a simple inverted pendulum. During a gait 
cycle and in the second part of the double sup-
port phase, propulsion torques are generated, 
which start the rotation of the inverted pendu-
lum. Braking forces terminate such a rotation in 
the fi rst part of the next double support phase. 
Although the pendulum model cannot describe 
such phases, it can reproduce the main charac-
teristics of human gait in the single limb support 
phase, particularly in the midstance and terminal 
stance phases. To simplify our analysis, we have 
assumed that no propulsion/braking torques are 
active during the single limb support phase.

The main results of our paper are as follows.
(i) Using a phenomenological relation between 

stride frequency and stride length based on 
the literature, we have found an analytical 
expression for the average walking speed. 
The average speed is a function of only an 
individual's initial step angle and height. The 
predicted values of the average speed for dif-
ferent heights are in excellent agreement with 
the ones obtained in treadmill experiments.

  Moreover, our expression for the aver-
age walking speed successfully predicts the 
observed walking-running transition speed, 
which, according to our results, occurs when 
the stride length equals the height of an indi-
vidual.

(ii) We have found an exact analytical solution to 
the equation of motion of the two-dimension-
al inverted simple pendulum. Together with 
the phenomenological stride frequency-stride 
length relation, such a solution fi ts the experi-
mentally observed horizontal and vertical 
velocities of the body’s centre of mass as 
a function of time in the midstance and ter-
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minal stance phases for different gaits, from 
slow to fast walking.

(iii) The classical Alexander’s model of human 
walking, which consists of a free inverted 
pendulum, does not reproduce the experi-
mentally observed vertical ground reaction 
forces. On the other hand, we have shown that 
the introduction of quartic step-angle depen-
dent muscle force along the pendulum allows 
the “forced” IP model to fi t, rather well, the 
observed ground reaction forces in the mid-
stance and terminal stance phases in slow, 
regular, and fast walking.

(iv) Finally, we have shown that the forced inverted 
pendulum model, when the muscle force val-
ues are extrapolated above the walking-run-
ning transition, gives a value of the height-de-
pendent maximum walking speed, which is 
compatible with the one obtained in more 
sophisticated three-dimensional models of 
human walking.
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